The pseudoscalar projection of the pion's Poincaré-covariant Bethe-Salpeter amplitude onto the light-front may be understood to provide the probability distribution of the chiral condensate within the pion. Unlike the parton distribution amplitudes usually considered and as befitting a collective effect, this condensate distribution receives contributions from all Fock space components of the pion's light-front wave-function. We compute this condensate distribution using the Dyson-Schwinger equation (DSE) framework and show the result to be a model-independent feature of quantum chromodynamics (QCD). Our analysis establishes that this condensate is concentrated in the neighbourhood of the boundaries of the distribution's domain of support. It thereby confirms the dominant role played by many-particle Fock states within the pion's light-front wave function in generating the chiral condensate and verifies that light-front longitudinal zero modes do not play a material role in that process.
Introduction.
The action that defines the theory of massless (chiral) quantum chromodynamics (QCD) is conformally invariant. Associated with this feature are a dilatation current, which is conserved in a classical (unquantised) treatment of the theory, and an array of related Ward-Green-Takahashi (WGT) identities [1] [2] [3] between the theory's Schwinger functions. Were these identities to remain valid in a complete treatment of the Standard Model, then the natural hadronic mass scale would be zero and all Schwinger functions would be homogeneous, with naive scaling degree. This is plainly not the case empirically.
The conundrum is resolved by noting that classical WGT identities are derived without accounting for the effect of regularisation and renormalisation in four-dimensional quantum field theory. This procedure leads to scale anomalies in the WGT identities originating with the dilatation current [4] [5] [6] . Therefore, a dynamically generated mass-scale, typically denoted Λ QCD , is connected with quantum chromodynamics. The value of Λ QCD must be determined empirically.
It has long been recognised that the quantum breaking of classical QCD's conformal invariance has far-reaching consequences in the analysis of high-energy processes [7, 8] . On the other hand, whilst these and related observations are instructive in principle, and motivate a class of contemporary models (see, e.g., Refs. [9] [10] [11] [12] ), they provide little in the way of explanation for the vast array of nonperturbative strong interaction phenomena. Knowing that scale invariance is broken by QCD dynamics is not the same as explaining how a proton, constituted from nearly massless current-quarks, itself acquires a mass m p ∼ 1 GeV which is contained within a confinement domain whose radius is r c ∼ 1/σ c , with σ c ∼ 0.25 GeV ∼ Λ QCD .
Such questions can only be answered within a framework that enables the computation of bound-state properties from quantised chromodynamics. This is highlighted further by observing that quantum electrodynamics also possesses a scale anomaly [13] but lies within a class of theories whose dynamical content and predictions are completely different.
Two a priori independent, emergent mass scales are identified in the preceding passage; namely, the scale associated with QCD's confinement length and that associated with dynamical chiral symmetry breaking (DCSB), which is responsible for constituent-like behaviour of low-momentum dressedquarks [14] . Following from the introductory discussion it appears probable that these scales are both intimately connected and originate in the same dynamics that explain the difference between the scale anomalies in QCD and QED. However, this is not proven and the questions of whether confinement can exist without DCSB in QCD, or vice-versa, remain open. This fact is emphasised by the ongoing debate about coincidence of the deconfinement and chiral symmetry restoring transitions of chiral QCD in-medium (see, e.g., Refs. [15] [16] [17] [18] ).
Of these two mass scales, that associated with confinement is the most problematic. As explained elsewhere [19] , there is currently no universally accepted theoretical definition of the meaning of confinement in a realistic Standard Model, which contains pions with low (lepton-like) masses. In connection with DCSB, however, there is little ambiguity, and much can be said about its nature and role in forming hadron properties.
A fundamental expression of DCSB is the behaviour of the dressed-quark mass-function, M(p) (p is the dressed-quark's momentum). It explains how an almost-massless, parton-like quark at high momentum is transformed at low momenta into a constituent-like quark that possesses an effective mass M ∼ m p /3. This feature plays a critical role in forming the bulk of the visible mass in the Universe [20] ; e.g., it ensures that the proton's mass is two orders of magnitude larger than the combined current-masses of the valence-quarks it contains. The behaviour of M(p) is also expressed in numerous aspects of the spectrum and interactions of hadrons; e.g., the large splitting between parity partners [21, 22] and the existence and location of a zero in some hadron form factors [23, 24] . 2. Chiral Condensate. A derived measure of DCSB is the chiral condensate. According to a contemporary hypothesis [25] [26] [27] [28] [29] [30] , this quantity is confined to the interior of the pion and hence describes intimate properties of QCD's Goldstone mode that are associated with DCSB. From this perspective, the chiral condensate is properly defined as follows [31] :
wherem u,d are the renormalisation-point-invariant light-quark current masses,m u,d → 0 defines the chiral limit and
where
is a Poincaré-invariant regularisation of the four-dimensional momentum integral, with Λ the ultraviolet regularization mass-scale, which is removed to infinity when completing any computation;
is the pion's Bethe-Salpeter amplitude; S u,d (k) are the dressed light-quark propagators; and Z 2,4 (ζ, Λ) are, respectively, the quark wave function and Lagrangian mass renormalisation constants, with ζ the renormalisation scale. The content of Eq. (2) is well known: f π is the pion's leptonic decay constant, and the right-hand-side (rhs) of this equation expresses the axial-vector projection of the pion's BetheSalpeter wave-function onto the origin in configuration space. Likewise, Eq. (3) is this wave-function's pseudoscalar projection onto the origin. It therefore describes another type of pion decay constant.
The quantities f π and ρ π are both equivalent order parameters for DCSB; and, owing to DCSB, they are related [31] :
where m π is renormalisation point independent and hence the ground-state pseudoscalar meson is massless in the chiral limit [32] . We typically assume isospin symmetry:
Furthermore, the pseudovector and pseudoscalar projections of the pion's Bethe-Salpeter wave function onto the origin in configuration space provide the only nonzero results: such projections through Dirac scalar, vector or tensor matrices yield zero.
Light-Front Wave Functions.
There is only one known approach to quantum field theory in which wave functions may be defined that possess the properties of probability amplitudes; viz., the light-front formulation, in which one obtains a Hamiltonian whose eigenfunctions are independent of the system's four-momentum [33, 34] and hence describe states in which particle number is conserved under Lorentz boosts. The lightfront wave-function, ϕ(x), of an interacting quantum system therefore provides a connection between dynamical properties of the underlying relativistic quantum field theory and notions familiar from nonrelativistic quantum mechanics. It can translate features that arise purely through the infinitely-many-body nature of relativistic quantum field theory into images whose interpretation seems more straightforward.
Since DCSB is impossible in quantum mechanics with a finite number of degrees-of-freedom, light-front projections in quantum field theory promise a means by which to obtain quantum mechanical images of this emergent phenomenon. That goal was achieved in Ref. [35] , which showed how to compute the pseudovector projection of the pion's Bethe-Salpeter wave function onto the light front and thereby obtain the pion's valence-quark parton distribution amplitude (PDA): (6) where n is a light-like four-vector, n 2 = 0, n · K = −m π , and 
Plainly, one may view Eq. (6) as the progenitor of Eq. (2). As noted above, there is another nontrivial projection of the pion wave function; i.e., the pseudoscalar projection, and on the light-front one finds [27] 
where the last term indicates contributions from the "light-front instantaneous" part of the quark propagator (∼ γ · n/k · n) and the associated gluon emission. Given the explicit appearance of the current-quark mass, these contributions are critical to producing a nonzero chiral-limit result: one must sum infinitely many nontrivial terms in order to compensate for m → 0. These nontrivial terms actually express couplings to higher Fock state components in the pion's light-front wavefunction. Such couplings are absent when one computes the γ 5 γ · n-projection of the pion's wave function, as in Eq. (6) [36] . Consequently, ρ ζ π and the pseudoscalar projection of the pion's Bethe-Salpeter wave-function onto the light-front both contain essentially new information, exposing process-independent features of the pion that owe to nonvalence Fock states in its lightfront wave function. (The role of such collective behaviour in forming a chiral condensate was anticipated in Ref. [37] .)
Consider therefore the pseudoscalar projection of the pion's Bethe-Salpeter wave-function onto the light-front:
Since the neutral pion is an eigenstate of the charge conjugation operator, ω π (x) = ω π (x). We have made the notational switch ϕ π → ω π in order to emphasise that the distribution amplitude defined in Eq. (9) includes information about all Fock state components of the pion's light-front wave function. In fact, with the understanding that the zeroth moment of the rhs measures the in-pion condensate, then ω π (x) may be interpreted as describing the light-front distribution of the chiral condensate. The moments of this distribution are obtained via
We would like to note that ω π (x) was first considered in Ref. [38] , wherein it was identified as a twist-three two-particle distribution amplitude. As such, it is important in the analysis of hard exclusive processes and, in particular, the study of B-meson pionic decays using light-cone sum rules [39] . QCD sum rules estimates of ω π (x) are described in Refs. [40, 41] .
Asymptotic Distributions.
Before describing a numerical computation of this distribution, it is important to develop intuition about its pointwise behaviour. As a first step, we recapitulate upon a recent study of ϕ π (x) [35] because the same methods are applicable to ω π (x). Thus, with ∆ M (s) = 1/[s+M 2 ] and η = 0 in Eq. (6), consider
where k ±z = k−(1∓z)K/2. Inserting Eqs. (11)- (13) into Eq. (7), using a Feynman parametrisation to combine denominators, shifting the integration variable to isolate the integrations over Feynman parameters from that over the four-momentum k, and recognising the d 4 k-integral thus obtained as the expression for f π , one finds
Suppose that ν = 1. Then Γ π (k 2 ) ∼ 1/k 2 for large relative momentum. This is the behaviour in QCD at k 2 ≫ µ 2 G , where µ G ≃ 0.5 GeV is the dynamically generated gluon mass [42] [43] [44] [45] [46] [47] . ν = 1 in Eq. (14) yields These are the moments of
viz., QCD's asymptotic PDA [36] . It should be borne in mind that ϕ π (x) in Eq. (6) is actually a function of the momentumscale ζ or, equivalently, the length-scale τ = 1/ζ, which characterises the process in which the pion is involved; and that ϕ asy π (x) only provides a valid approximation to the PDA on a very small neighbourhood τΛ QCD ≃ 0 [48] .
Employing an analogous procedure with Eq. (10) yields
from which one may reconstruct the distribution
[xx]
is a Gegenbauer polynomial of order (ν − 1/2). Curve-C in Fig.1 is the result for ν = 1; i.e.,
This is the asymptotic distribution of the chiral condensate within the pion, in the same sense that Eq. (16) is the asymptotic form of the pion's valence-quark PDA. The behaviour of ω asy π (x) is striking. It shows that the chiral condensate is primarily located in components of the pion's wave-function that express correlations with large relative momenta.
To understand this feature, recall [48] that the peak in ϕ asy π (x) at x = 1/2 is a consequence of the fact that the leading Chebyshev moment of each of the three significant scalar functions which appear in the expression for Γ π (k; P), Eq. (4), occurs at 2k rel := k η + kη = 0; i.e., at zero relative momentum [49, 50] and, moreover, that these Chebyshev moments are monotonically decreasing with k 2 rel . On the other hand, owing to a quarklevel Goldberger-Treiman relation; viz., form = 0 [31] 
where B(k 2 ) is the scalar piece of the self-energy connected with the dressed quark confined within the pion, the chiral condensate may be read from the large-k 2 rel (large relative momentum) behaviour of the dominant term in the pion's BetheSalpeter amplitude [51] [52] [53] .
Distribution of the Chiral Condensate.
Having developed these insights, it is now appropriate to compute ω π (x). That can be done using the methods and the solutions of the gap and Bethe-Salpeter equations detailed in Ref. [35] . The solutions therein were obtained with the interaction in Ref. [54] , whose infrared behaviour is consistent with that determined in modern studies of QCD's gauge sector, which indicate that the gluon propagator is a bounded, regular function of spacelike momenta, q 2 , that achieves its maximum value on this domain at q 2 = 0 [42] [43] [44] [45] [46] [47] , and the dressed-quark-gluon vertex does not possess any structure which can qualitatively alter this behaviour [55, 56] . The interaction also preserves the one-loop renormalisation group behaviour of QCD so that, e.g., the quark mass-function is independent of the renormalisation point.
We will capitalise, too, on the fact that in completing the gap and Bethe-Salpeter kernels, Ref. [35] used two different procedures and compared the results: rainbow-ladder truncation (RL), the most widely used Dyson-Schwinger equation (DSE) computational scheme in hadron physics, detailed in App. A.1 of Ref. [57] ; and the DCSB-improved (DB) kernels detailed in App. A.2 of Ref. [57] , which are the most refined kernels currently available. Both schemes are symmetry-preserving, and hence ensure Eq. (20) , but the latter incorporates essentially nonperturbative effects associated with DCSB into the kernels, which are omitted in rainbow-ladder truncation and any stepwise improvement thereof [58] .
Finally, a note on the methods of Ref. [35] is appropriate. They may fairly be described as a refinement of the spectral representation techniques explained in Ref. [59] . The numerical solutions of the gap and Bethe-Salpeter equations, obtained as matrices, are each re-expressed in terms of one or more generalised spectral functions and associated denominators that are some power of a quadratic form in the relevant spacelike momentum. The paramount strength of this approach is that it solves the practical problem of continuing from Euclidean metric, which is the most widely used framework for practical nonperturbative studies of QCD, to Minkowski space, which is where the light-front is defined.
One detail of the generalised spectral representations is important herein. DSE kernels that preserve the one-loop renormalisation group behaviour of QCD will necessarily generate propagators and Bethe-Salpeter amplitudes with a nonzero anomalous dimension γ F , where F labels the object concerned. Consequently, the spectral representation must be capable of
haviour for s ≫ 1. This is readily achieved by noting that
where D(s) is some function. Such a factor can be multiplied into any existing spectral representation in order to achieve the required ultraviolet behaviour. In the present context, it is the anomalous dimension of the dressed-quark mass-function that must properly be represented. Owing to Eq. (20), this affects the pion's Bethe-Salpeter amplitude, too. We use the procedures described above to compute the moments in Eq. (10) and therefrom reconstruct the pseudoscalar projection of the pion's Bethe-Salpeter amplitude onto the lightfront. Them = 0 result, curve-A in Fig. 1 , is
with
To reconstruct ω π (x), we typically used 50 moments. It is straightforward but unnecessary to use more: the same distribution is obtained from 100 moments. The reconstruction was achieved using the Gegenbauer-polynomial method introduced in Ref. [35] and elucidated further in Ref. [48] . There is no ambiguity in the result, since the polynomials {C ν−1 . Owing to the fact that ω π (x) = ω π (x), only polynomials of even degree contribute. The reconstruction procedure converges at the first step; i.e., one can terminate the series at j = 2. Including the second term, j = 4, alters nothing by more than 0.1%.
The result in Fig. 1 is striking and we'll now explain why. The first thing of which to be aware is that only the E π (k; K) term in Eq. (4) provides a nonzero contribution when one removes the regularisation scale Λ → ∞. This is because lim Λ→∞ Z 4 (ζ, Λ) = 0; and whilst the integral of the E π (k; K) term diverges with Λ at precisely the rate required to produce a finite, nonzero, Λ-independent result, the terms F π (k; K), G π (k; K), H π (k; K) provide contributions to the integral that are finite as Λ → ∞ and hence disappear when multiplied by the vanishing renormalisation constant.
This re-emphasises the explanation we provided for Eq. (19) . It also entails that the result is a model-independent feature of QCD. Since the integral is dominated by the ultraviolet behaviour of the integrand, no difference in Bethe-Salpeter kernels at infrared momenta can have an impact. Owing to Eq. (20), the chiral-limit result is completely determined by the momentum-dependence of the scalar piece of the self-energy associated with the dressed-quark that is confined within the pion. This momentum-dependence is the same in all computational schemes that preserve the one-loop renormalisation group properties of QCD. We confirmed that by computing ω π (x) in both RL and DB truncation and verifying that the results are identical.
We also computed ω π (x) at two different scales; viz., ζ 2 and ζ 19 . (The latter value is used commonly in DSE studies that follow Ref. [49] ). As one should expect and is evident in Fig. 1 , ω π (x) → ω asy π (x) as Λ QCD /ζ → 0. However, as highlightedelsewhere [48] in connection with the evolution of ϕ π (x), the rate of approach to the asymptotic form is extremely slow.
With the results in Fig. 1 we have provided a modelindependent demonstration that the chiral condensate in Eq. (1) is primarily located in components of the pion's wave-function that express correlations with large relative momenta, a feature which entails that light-front longitudinal zero modes do not play a material role in forming the chiral condensate. This consequence may be elucidated by noting that ω π (x = 0) = 0 = ω π (x = 1) at any finite renormalisation scale and ω π (x) = ω π (x). Hence, the maximal contribution to the chiral condensate is obtained when half the partons carry a near-zero fraction of the pion's light-front momentum but the other half carry a near-unit fraction. This discourse complements arguments to the same effect in Ref. [27] . 6. Epilogue. Our prediction for the pseudoscalar projection of the pion's Bethe-Salpeter amplitude onto the light-front is a model-independent feature of QCD. It should be verified. This is a theoretical challenge because few contemporary techniques with a veracious connection to QCD can provide access to anything other than the pion's valence-quark parton distribution amplitude, whereas the pseudoscalar projection receives contributions from all Fock-states in the pion's light-front wave function. Lattice-QCD is one applicable tool. However, with existing algorithms it can only be used to compute one nontrivial moment of ω π (x). QCD sum rules might also be employed usefully: indeed, estimates exist [40, 41] . They, too, typically work with moments of the distribution. Therefore, in order to assist practitioners in meeting the theoretical challenge, we present our prediction for the lowest three moments: 
and note in addition that ω π (1/2, ζ 2 ) = 0.76 cf. ω asy π (1/2) = 3/4. A comparison with the contemporary sum rules estimate [41] is worthwhile. That result corresponds to a renormalisation scale of ζ 1 = 1 GeV. It is plotted as curve-E in Fig. 1 , produces j = 1, 2, 3 moments 0.41, 0.27, 0.20, respectively, and ω SR π (1/2, ζ 1 ) = 0.74. The agreement with our prediction is plainly very good. Differences are only marked in the neighbourhood of the endpoints, something one might have anticipated given that just low-order moments can practically be constrained in a sum rules analysis and such moments possess little sensitivity to the behaviour of ω π in the neighbourhood of the endpoints. We judge that the generally good agreement with our prediction from such limited input provides strong support for the model-independent nature of our result. This is further emphasised by the fact that the estimate in Ref. [41] improves over an earlier calculation [40] and, as gauged by the L 1 -norm, the modern refinement shifts the earlier result toward our prediction.
In closing we reiterate that the pion's valence-quark parton distribution amplitude does not express all bound-state dynamics associated with the pion. Definitive features of Goldstone boson structure are also displayed in the pseudoscalar projection of the pion's Poincaré-covariant Bethe-Salpeter amplitude onto the light-front, which, according to a modern hypothesis, images the light-front distribution of the chiral condensate. In this connection, our analysis provides a model-independent demonstration that this condensate is primarily located in components of the pion's wave-function that express correlations with large relative momenta, a feature which ensures, inter alia, that light-front longitudinal zero modes do not play a material role in forming this condensate.
